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Existence and uniqueness
The existence and uniqueness of the weak solution to the model for the dynamics of
a viscoelastic rod which is in adhesive contact with an obstacle is established. The model
consists of a hyperbolic equation for the vibrations of the rod coupled with a nonlinear
ordinary differential equation (ODE) for the evolution of the bonding function. The model
allows for failure, i.e., complete debonding, in ﬁnite time. The existence of the weak
solution is established by using an existence result for ODEs and the Schauder ﬁxed-point
theorem. The limit of an elastic rod when the viscosity vanishes is studied, too.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
We analyze a model for the dynamics of a thin viscoelastic or elastic rod which is bonded to an obstacle at its right end.
This work is the continuation of [7] where the model, the quasistatic problem, and numerical simulations can be found. It is
related to [18], where a version of the quasistatic model was studied and numerically simulated. The novelty in the model
studied here is that it allows for failure, i.e., complete debonding, in ﬁnite time.
A version of the model of adhesion used here was proposed by Frémond in [9] (see also [11]) and its derivation from
thermodynamic principles can be found in the monograph [10]. In the model, the evolution of the adhesion process is
described by an internal variable, the bonding function β = β(t), which measures the fractional density of active bonds, and
thus 0 β  1. The evolution of the bonding function is described by an ordinary differential equation which depends on
the mechanical stress at the bonded edge.
The interest in models of adhesion rose sharply in the last two decades due to the extensive use of composite and
laminated materials in industry, see e.g., [12].
We assume that the rod is viscoelastic and the obstacle is deformable. The contact condition is assumed to be an
extension of the normal compliance which takes into account the traction provided by the adhesive. The model consists of
the wave equation for the vibrations of the rod coupled with an ordinary differential equation for the adhesion evolution.
The system is nonlinear and somewhat unusual. We establish the existence of the unique weak solution for the dynamic
model. We also show the existence of weak solutions in the limit when the viscosity vanishes.
Mathematical analysis, and numerical simulations of various settings of the adhesive processes, can be found in [1–6,13,
18–21]. Derivations of such adhesion models can be found in [10,22] and its numerical analysis in [24], together with a host
of references in these monographs. In some of the models the process was assumed irreversible and only debonding was
allowed, while in [13] the process was assumed reversible, say when dealing with velcro, where many cycles of debonding
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and rebonding may take place. Moreover, the process was assumed to be history dependent, as the adhesive deteriorate
with the cycles.
However, in these publications and in many that followed, the model used did not allow for failure or complete debond-
ing. Indeed, the rate of debonding was assumed proportional to β , and this prevented complete failure. In this work, we
assume that the debonding rate is proportional to βα , with 0  α and the model and the numerical simulations predict
complete debonding in ﬁnite time when 0  α < 1. Indeed, α is a process constant that needs to be determined experi-
mentally, together with the adhesive stiffness.
We note that the model in [8] is of a very different type, and its mathematical analysis remains to be done.
We describe shortly the model in Section 2. We present its weak and abstract formulations, and state our main existence
and uniqueness result in Section 3 in Theorem 3.1. The proof is provided in Section 4. It is based on an existence theorem
for ODEs (see, e.g., [15]), recalled in Theorem 4.1, and a continuity argument, based on the appropriate a priori estimates,
which allows us to use the Schauder ﬁxed-point theorem. The uniqueness of the weak solution is proved in Section 5 and
is based on the Gronwall-type arguments.
Finally, in Section 6 we prove the existence of weak solutions to the problem of an elastic rod without viscosity, in
Theorem 6.1. This is done by passing to the limit when the viscosity vanishes.
The problem with unilateral contact condition, which may be the limit when the obstacle stiffness approaches inﬁnity,
i.e., rigid obstacle, remains an open problem which will be addresses separately.
These results provide a contribution to the Mathematical Theory of Contact Mechanics, and provide insight into such
unusually coupled systems.
2. The model
We model, following [7] where all the details can be found, the evolution of the mechanical state of a viscoelastic rod
whose right end is bonded to a deformable object, the obstacle, while the left end is attached to a movable device. We
denote the horizontal displacement by u = u(x, t) which is deﬁned on ΩT = {0 x 1, 0 t  T }. A force f B = f B(x, t) is
acting on the rod. The end (x = 0) moves with the device whose displacement is given by φ = φ(t), thus, u(0, t) = φ(t). The
setting is depicted in Fig. 1.
Detailed derivation of models for adhesive contact can be found in [10,22,24] and in the references therein, and also
in [7,18].
The evolution of the debonding process at x = 1 is described by the bonding function β = β(t) which can have values
0 β  1 and measures the fraction of active bonds.
The reaction force or traction generated by the adhesive is given by
fadh(t) = γTβ1+α(t)u(1, t)−
where γT is the adhesive tensile stiffness coeﬃcient, γTβ1+α(t) is the adhesive tensile stiffness, α ∈ [0,∞) is the adhesion
exponent, and u(1, t)− = max{0,−u(1, t)} = (|u(1, t)| − u(1, t))/2.
The evolution of the bonding function is given by
β(t)′ = −γRβα(t)
((
u(1, t)−
)2 − a)+,
where the prime denotes the time derivative, γR , a are positive process constants, and the problem is scaled so that a < 1.
The irreversibility of the debonding process is reﬂected in the fact that β ′  0.
We note that although α may have any nonnegative value, complete debonding in ﬁnite time is possible only when
0  α < 1, which motivates this study. However, in [10,22,24] and in the references therein, α = 1, and as was shown
in [18], this does not allow for complete debonding.
Next, the contact between the rod’s end and the foundation is described by the normal compliance condition (see e.g.,
[7,14,22]) given by
fres = −γC u(1, t)+
which is active only when u(1, t) > 0, where γC = const. > 0. Here, u(1, t)+ =max{0,u(1, t)}, and we have u = u+ − u− .
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Find a pair of functions (u, β) such that:
utt(x, t) − c2uxx(x, t) − νutxx(x, t) = f B(x, t), (2.1)
β ′(t) = −γRβα(t)
((
u(1, t)−
)2 − a)+, (2.2)
c2ux(1, t) + νutx(1, t) = −γCu(1, t)+ + γTβ1+α(t)u(1, t)−, (2.3)
u(0, t) = φ(t), (2.4)
u(x,0) = u0(x), ut(x,0) = v0(x), β(0) = β0. (2.5)
Here, u0, v0 are the prescribed initial conditions, β0 ∈ (0,1], and c, γR , and γT are positive process constants. Also, ν is
the viscosity coeﬃcient and an elastic rod is characterized by ν = 0; γC is the stiffness coeﬃcient of the obstacle and it is
completely rigid when γC = ∞.
The problem with viscosity has merit in and of itself, as most mechanical systems have viscosity, although it may be
small and is often neglected, which leads to the elastic rod.
The problem consists of the wave equation for the displacements coupled with a nonlinear ODE for the bonding function,
and a strongly nonlinear boundary contact condition, which makes it somewhat unusual.
In general, since the boundary conditions at x = 1 are nonlinear, the problem may have no classical solutions. Therefore,
we turn to a weak or variational formulation of the problem. A weak formulation of the system is also a starting point for
a ﬁnite element method for simulations of the problem.
3. Weak solutions
In this section we derive a weak formulation of the problem (2.1)–(2.5), present the assumptions on the problem data,
and state our results.
First, it is convenient to have a zero Dirichlet condition at x = 0, therefore, we let u(x, t) = u(x, t) − (1 − x)2φ(t). Then,
u(0, t) = 0, ux(1, t) = ux(1, t) so the condition at x = 1 does not change, and the force becomes f B = f B − (1− x)2φ′′ +2c2φ,
where the prime denotes the time derivative. Also, the initial conditions become u(x,0) = u0(x)−(1−x)2φ(0) and ut(x,0) =
v0(x) − (1 − x)2φ′(0). We note that if φ(0) = 0 and φ′(0) = 0, then the initial conditions do not change. For the sake of
convenience, we omit the bar in what follows.
We let L2(0,1) denote the space with the usual inner product (v,w) = ∫ 10 uv dx, and H1(0,1) denotes the related
Sobolev space of square integrable functions on (0,1) with square integrable distributional derivatives. The space of test
functions where we seek the weak solution is
V = {v ∈ H1(0,1); v(0) = 0},
which is a Hilbert space with the equivalent inner product (v,w)V ≡ (vx,wx) and norm ‖v‖2V = (vx, vx). We denote by
〈·,·〉V the duality pairing between V and its dual V ′ , and note that V ⊆ L2(0,1) ⊆ V ′ so that (V , L2(0,1), V ′) is a Gelfand
triple. We let V = L2(0, T ; V ), its dual is denoted by V ′ = L2(0, T ; V ′), and the duality pairing by 〈·,·〉.
The set of test functions for adhesion is
K = {η ∈ H1(0, T ): η(0) = β0, 0 η(t) 1, 0 t  T }. (3.1)
Clearly, K is a bounded closed convex set in H1(0, T ).
The weak formulation of the dynamic problem (2.1)–(2.5) is obtained in the usual way. We let ut = v and multiply (2.1)
with a test function w ∈ V , integrate over (0,1) × (0, t) and use the boundary conditions (2.3).
Problem Pw . Find a pair (u, β), where u : (0, T ) → V and β ∈ H1(0, T ), such that for all w ∈ V , and a.a. t ∈ (0, T )
t∫
0
〈vτ ,w〉dτ + c2
t∫
0
(ux,wx)dτ + ν
t∫
0
(uτ x,wx)dτ
=
t∫
0
( f B ,w)dτ +
t∫
0
(−γCu(1, τ )+ + γTβ1+α(τ )u(1, τ )−)w(1)dτ , (3.2)
β ′(t) = −γRβα(t)
((
u(1, t)−
)2 − a)+, (3.3)
u(x,0) = u0(x), v(x,0) = v0(x), β(0) = β0. (3.4)
Any solution of Problem Pw is called a weak solution of problem (2.1)–(2.5).
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〈Au,w〉 = (ux,wx),
〈Nu,w〉 = γCu(1, ·)+w(1),〈
M(β,u),w
〉= −γTβ1+α(t)u(1, ·)−w(1).
The problem may be written in an abstract equivalent form as follows.
Problem P Aν . Find a pair (u, β), where u : (0, T ) → V , v = u′ , and β ∈ K , such that, for a.a. t ∈ (0, T ),
v ′(t) + c2Au(t) + νAv(t) + Nu(t) + M(β(t),u(t))= f B(t) in V ′, (3.5)
u(0) = u0, v(0) = v0, (3.6)
β ′(t) = −γRβα(t)
((
u(1, t)−
)2 − a)+, β(0) = β0, t ∈ (0, T ]. (3.7)
We make the following assumptions on the problem data.
The force f B satisﬁes
f B ∈ L2
(
(0,1) × (0, T )). (3.8)
The motion of the device at x = 0 is described by
φ ∈ H2(0, T ), (3.9)
so it is consistent with (3.8) (recall that f B = f B − (1− x)2φ′′ + 2c2φ).
The initial conditions satisfy
u0 ∈ H1(0,1), u0(0) = φ(0), v0 ∈ L2(0,1), β0 ∈ (0,1]. (3.10)
The rest of the coeﬃcients are assumed to be positive constants.
The main existence and uniqueness result in this work is the following.
Theorem 3.1. Assume that (3.8)–(3.10) hold. Then, there exists a unique solution (u, β) to the abstract problem (3.5)–(3.7). This
solution satisﬁes
u ∈ L∞(0, T ; V ) ∩ C([0, T ]; Hr), v ∈ V,
β ∈ C1([0, T ]; [0,1]),
where 1/2< r < 1.
We conclude that problem (2.1)–(2.5) has a weak solution.
The existence is proved in the next section, and the uniqueness in Section 5. In Section 6 we show that the problem
without viscosity (ν = 0), and the problem with rigid obstacle (γC = ∞) have weak solutions, too.
4. Existence
We begin the proof with an initial value problem for β . We use the following theorem of [15], which is based on the
Schauder ﬁxed point theorem, and provides a global existence of solutions to a system of ODEs once an a priori estimate is
veriﬁed.
We let C([0, T ];Rn) be equipped with the norm ‖x‖ ≡ max0tT {|x(t)|}, where | · | is the norm of Rn .
Theorem 4.1. (See [16].) Let f : [0, T ] ×Rn →Rn be continuous and suppose that there exists L > 0 such that if x(t) satisﬁes
x′(t) = λ f (t, x(t)), x(0) = x0, (4.1)
for all t ∈ [0, T ], then ‖x‖ L for all λ ∈ (0,1).
Then there exists a solution x to the system
x′(t) = f (t, x(t)), x(0) = x0, t ∈ (0, T ]. (4.2)
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continuous, because the differential equation forces β to be decreasing and to stay in the interval [0,1], since β0  1.
We turn now to Problem P Aν , (3.5)–(3.7). We deal with it indirectly by considering an auxiliary problem in which
u(1, t)− is given. Thus, we let w ∈ C([0, T ]), and by Theorem 4.1 there exists a solution to the initial value problem
β ′w(t) = −γRβαw(t)
((
w(t)
)2 − a)+, βw(0) = β0. (4.3)
Because of the monotonicity of the function f (x) = xα the solution is unique.
Next, we study the problem for v with this βw .
Lemma 4.2. There exists a unique solution to the problem of ﬁnding v ∈ L2((0, T ); V ) such that for a.a. t ∈ (0, T )
v ′(t) + νAv(t) + c2Au(t) + Nu(t) + M(βw(t),u(t))= f B(t), (4.4)
and v(0) = v0 , where u(t) = u0 +
∫ t
0 v(s)ds.
Proof. We deﬁne the function G(t,u) ∈ L2((0, T ); V ′) by
G(t,u) ≡ c2Au(t) + Nu(t) + M(βw(t),u(t)).
It follows from the deﬁnitions of A,N , and M that G is Lipschitz in u, i.e.,∥∥G(t,u1) − G(t,u2)∥∥V ′  KG‖u1 − u2‖V ,
for some KG and a.a. t ∈ (0, T ). Next, given z ∈ V , let Φ(z) = v denote the unique solution of the problem
v ′(t) + νAv(t) = f B(t) − G
(
t,u0 +
(·)∫
0
z(r)dr
)
, v(0) = v0.
It follows that
ν
t∫
0
∥∥Φ(z1) − Φ(z2)∥∥2V ds Cν
t∫
0
∥∥∥∥∥
s∫
0
z1(r)dr −
s∫
0
z2(r)dr
∥∥∥∥∥
2
V
ds + ν
2
t∫
0
∥∥Φ(z1) − Φ(z2)∥∥2V ds,
and after adjusting the constants we ﬁnd
t∫
0
∥∥Φ(z1) − Φ(z2)∥∥2V ds Cν
t∫
0
∥∥∥∥∥
s∫
0
z1(r)dr −
s∫
0
z2(r)dr
∥∥∥∥∥
2
V
ds
 Cν
t∫
0
s∫
0
∥∥z1(r) − z2(r)∥∥2V dr ds.
Iteration of this inequality shows that a suﬃciently high power of Φ is a contraction map on the Banach space L2(0, T ; V )
and so Φ has a unique ﬁxed point in L2(0, T ; V ), which is the unique solution to the initial value problem (4.4). 
Let w ∈ C([0, T ]) be given and denote by vw the solution of problem (4.4), and let uw(t) = u0 +
∫ t
0 vw ds. Let φ
′+(x) = x+
and φ′−(x) = x− so that φ± is nonnegative and convex (recall that x = x+ − x−). We turn to the nonlinear terms N and M
in (4.4). Integration by parts yields
t∫
0
〈
M
(
βw(s),u(s)
)
, v(s)
〉
ds = γT
t∫
0
β1+αw (s)
d
ds
(
φ−
(
u(1, s)
))
ds
= γTβ1+αw (t)φ−
(
u(1, t)
)− γTβ1+α0 φ−(u0(1))− γT
t∫
0
(1+ α)βαw(s)β ′w(s)φ−
(
u(1, s)
)
ds
−γTβ1+α0 φ−
(
u0(1)
)
,
where we used the facts that β ′w  0 and φ−  0.
We also have that
t∫ 〈
N(u), v
〉
ds = 1
2
γCu(1, t)
2+ −
1
2
γC u0(1)
2+.
0
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∥∥vw(t)∥∥2L2(0,1) + ν
t∫
0
∥∥vw(s)∥∥2V ds + ∥∥uw(t)∥∥2V + 12γCu(1, t)2+  C, (4.5)
where, here and below, C is a positive constant which depends on the initial conditions but is independent of ν and
w ∈ C([0, T ]). Thus,
vw ∈ L2(0, T ; V ) ∩ L∞
(
0, T ; L2(0,1)), uw ∈ H1(0, T ; V ) ∩ L∞(0, T ; V ).
To proceed, we need the following theorem which is an inﬁnite dimensional version of the Arzela–Ascoli theorem and
can be found in [23], see also [16].
Theorem 4.3. Let W ⊆ U ⊆ Y be Banach spaces such that the inclusion map i : W → U is compact, i : U → Y is continuous, and
q > 1. Then the set
S = {u: ∥∥u(t)∥∥W + ‖u′‖Lq(0,T ;Y )  R, 0 t  T }
is precompact in C([0, T ];U ).
To use the theorem we choose W = V , q = 2, Y = L2(0,1), and U = Hr(0,1), with 1/2 < r < 1. It follows from the
theorem and estimate (4.5) that the set {uw : w ∈ C([0, T ])} is precompact in C([0, T ]; Hr(0,1)) which embeds continuously
into C([0, T ];C([0,1])). It follows that the set {uw(1, t)} is precompact in C([0, T ]).
Next, to use the Schauder ﬁxed point theorem, we verify that the map w(t) → uw(1, t) is continuous from C([0, T ]) to
C([0, T ]).
Let βi = βwi , i = 1,2, be two solutions of the initial value problem (4.3) corresponding to w1 and w2, respectively. Then,
we subtract the equation for β2 from the one for β1, multiply by β1 − β2, integrate and obtain
1
2
∣∣β1(t) − β2(t)∣∣2 −γR t∫
0
(
βα1 (s)
((
w1(s)
)2 − a)+ − βα2 (s)((w2(s))2 − a)+)(β1(s) − β2(s))ds
 γR
t∫
0
βα2 (s)
(((
w1(s)
)2 − a)+ − ((w2(s))2 − a)+)(β1(s) − β2(s))ds,
since (βα1 − βα2 )(β1 − β2) 0. Using the fact that((
w21 − a
)
+ −
(
w22 − a
)
+
)
 |w1 − w2|
(‖w1‖C([0,T ]) + ‖w2‖C([0,T ])) C |w1 − w2|,
and the Cauchy inequality, we obtain
1
2
∣∣β1(t) − β2(t)∣∣2  C∥∥(w1 − w2)χ[0,t]∥∥2C([0,T ]) + C
t∫
0
∣∣β1(s) − β2(s)∣∣2 ds, (4.6)
where χ[0,t] denotes the characteristic function of the interval [0, t]. Therefore, it follows from Gronwall’s inequality that∣∣β1(t) − β2(t)∣∣ C∥∥(w1 − w2)χ[0,t]∥∥C([0,T ]).
Hence, the map w → βw is continuous on C([0, T ]).
Now, let ε > 0 be given and consider the equation for vw . Let vi = vwi ,ui = uwi , for i = 1,2, where ‖w1 − w2‖ is small
enough so that ‖β1+αw1 − β1+αw2 ‖ < ε. We have, after some straightforward manipulations,〈
M
(
β1(t),u1
)− M(β2(t),u2), v1 − v2〉
= 〈M(β1(t),u1)− M(β1(t),u2), v1 − v2〉+ 〈M(β1(t),u2)− M(β2(t),u2), v1 − v2〉
 C
t∫
0
‖u1 − u2‖Hr‖v1 − v2‖Hr ds + εC
t∫
0
‖u2‖V ‖v1 − v2‖V ds
 C
t∫
0
‖u1 − u2‖Hr‖v1 − v2‖Hr ds + εC
t∫
0
‖v1 − v2‖V ds, (4.7)
where C is a positive constant which does not dependent on ε.
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1
2
∣∣v1(t) − v2(t)∣∣2L2(0,1) + ν
t∫
0
‖v1 − v2‖2V ds +
1
2
c2
∥∥u1(t) − u2(t)∥∥2V
 Cε
t∫
0
‖v1 − v2‖V ds + C
t∫
0
‖u1 − u2‖Hr‖v1 − v2‖Hr ds.
Using the Cauchy inequality and adjusting the constants yields
 Cνε2 + ν
2
t∫
0
‖v1 − v2‖2 ds + Cν
t∫
0
‖u1 − u2‖2 ds,
and applying the Gronwall inequality leads to
∣∣v1(t) − v2(t)∣∣2L2(0,1) + ν
t∫
0
‖v1 − v2‖2V ds +
∥∥u1(t) − u2(t)∥∥2V  Cνε2.
Here, Cν does not depend on ε. Therefore, since ε is arbitrary, the map
w ∈ C([0,1])→ uw ∈ C([0, T ]; V )
is continuous.
It follows from the continuity of the trace map that w → uw(1, ·) is continuous as a map from C([0, T ]) to C([0, T ]). But
then it follows from the Schauder ﬁxed point theorem that this map has a ﬁxed point which is a solution of Pν . Moreover,
the solution satisﬁes
∣∣v(t)∣∣2L2(0,1) + ν
t∫
0
∥∥v(s)∥∥2V ds + ∥∥u(t)∥∥2V + 12γCu(1, t)2+  C, (4.8)
where C is independent of ν . Actually, we note that
C = C˜ + 1
2
γCu0(1)
2+,
and C˜ is independent of γC .
This establishes the existence part of Theorem 3.1.
5. Uniqueness
In this section we prove the uniqueness of the solution of Problem P Aν . Suppose there are two solutions, (ui, βi), for
i = 1,2, then
β ′i = −γRβαi (t)
(
ui(1, t)
2− − a
)
+, βi(0) = β0, i = 1,2. (5.1)
We subtract the equation for β ′2 from the one for β ′1, multiply by β1 − β2 and integrate, and proceeding as above we obtain
(see (4.6))
∣∣β1(t) − β2(t)∣∣2  C t∫
0
∥∥u1(s) − u2(s)∥∥2V ds + C
t∫
0
∣∣β1(s) − β2(s)∣∣2 ds.
Using the Gronwall inequality, we obtain
∣∣β1(t) − β2(t)∣∣2  C t∫
0
∥∥u1(s) − u2(s)∥∥2V .
Now using (3.5) twice and subtracting the resulting expressions we ﬁnd〈
v ′1 − v ′2, v1 − v2
〉+ ν〈Av1 − Av2, v1 − v2〉 + c2〈Au1 − Au2, v1 − v2〉
+ 〈M(β1,u1) − M(β2,u2), v1 − v2〉+ 〈Nu1 − Nu2, v1 − v2〉 = 0.
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1
2
∣∣v1(t) − v2(t)∣∣2L2(0,1) + ν
t∫
0
‖v1 − v2‖2V ds +
1
2
c2
∥∥u1(t) − u2(t)∥∥2V
 C
t∫
0
∣∣u1(1, s) − u2(1, s)∣∣∣∣v1(1, s) − v2(1, s)∣∣ds + C t∫
0
∣∣β1+α1 (s) − β1+α2 (s)∣∣∣∣u2(1, s)∣∣∣∣v1(1, s) − v2(1, s)∣∣ds.
We use the inequality∣∣β1+α1 (s) − β1+α2 (s)∣∣ (α + 1)∣∣β1(s) − β2(s)∣∣(2|β1|α + ∣∣β1(s) − β2(s)∣∣α)
and the fact that β ∈ [0,1], thus,
1
2
∣∣v1(t) − v2(t)∣∣2L2(0,1) + ν
t∫
0
‖v1 − v2‖2V ds +
1
2
c2
∥∥u1(t) − u2(t)∥∥2V
 C
t∫
0
∣∣u1(1, s) − u2(1, s)∣∣∣∣v1(1, s) − v2(1, s)∣∣ds + C t∫
0
∣∣β1(s) − β2(s)∣∣∣∣u2(1, s)∣∣∣∣v1(1, s) − v2(1, s)∣∣ds.
Again, using the fact that |u(1, t)| < C , since u ∈ C([0, T ]; Hr) and Hr embeds continuously into C([0,1]), and β ∈ [0,1],
and applying the Cauchy inequality, we obtain
1
2
∣∣v1(t) − v2(t)∣∣2L2(0,1) + ν
t∫
0
‖v1 − v2‖2V ds +
1
2
c2
∥∥u1(t) − u2(t)∥∥2V
 Cν
t∫
0
‖u1 − u2‖2V ds +
ν
4
t∫
0
‖v1 − v2‖2V ds + Cν
t∫
0
∣∣β1(s) − β2(s)∣∣2 ds + ν
4
t∫
0
‖v1 − v2‖2V ds.
Collecting these estimates yields
∣∣v1(t) − v2(t)∣∣2L2(0,1) + ν
t∫
0
‖v1 − v2‖2V ds + c2
∥∥u1(t) − u2(t)∥∥2V  Cν
t∫
0
‖u1 − u2‖2V ds.
Gronwall’s inequality now implies that u1 = u2, and so the solution of Problem P Aν is unique. This concludes the proof of
Theorem 3.1.
6. Elastic rod; rigid obstacle
In this short section we show that the model for an elastic rod, without the viscosity (ν = 0), has a weak solution by
passing to the limit ν → 0. Then, we describe the model when the obstacle is rigid, i.e., with viscosity in the limit γC → ∞.
Problem P Aν , as has been mentioned above, has merit in and of itself, as most engineering materials, certainly metals,
have some viscosity. However, for the sake of completeness, and to allow for completely elastic materials, we also pass to
the limit as ν → 0 and remove the viscosity term νAv . We have the following result.
Theorem 6.1. There exists a solution to Problem P A0 , i.e., problem (3.5)–(3.7) with ν = 0.
We conclude that problem (2.1)–(2.5), without the viscosity term (ν = 0), has a weak solution. The uniqueness of the
solution remains an unresolved question.
Proof. Let vν,uν , and βν denote a solution of Problem P Aν . It follows from estimate (4.8) that there exists a subsequence,
still indexed by ν , such that
vν → v weak* in L∞
(
0, T ; L2(0,1)), (6.1)
vν → v weakly in L2(0, T ; V ), (6.2)
uν → u weak* in L∞(0, T ; V ), (6.3)
uν → u strongly in C
([0, T ]; Hr(0,1)), (6.4)
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uν(1, t) → u(1, t) uniformly in C
([0, T ]). (6.5)
Moreover, for w ∈ L2(0, T ; V ), we have
T∫
0
ν〈Avν,w〉ds ν1/2
T∫
0
ν1/2〈Avν, vν〉1/2〈Aw,w〉1/2 ds
 ν1/2
( T∫
0
ν〈Avν, vν〉ds
)1/2
‖w‖L2(0,T ;V )
 ν1/2C‖w‖L2(0,T ;V ),
where we used the coercivity of A and (4.8), and so
νAvν → 0 weak* in L2(0, T ; V ′). (6.6)
This concludes the proof. 
We turn now to the model when the obstacle is rigid, i.e., γC = ∞. The problem now becomes an inequality. Indeed,
in the classical formulation (2.3) is replaced with the unilateral condition (6.10) and (6.11) below, which is the Signorini
condition with adhesion. The classical formulation is:
Find a triple of functions (u, σ ,β) such that:
utt(x, t) − c2uxx(x, t) − νutxx(x, t) = f B(x, t), (6.7)
β ′(t) = −γRβα(t)
(
u(1, t)2− − a
)
+, (6.8)
σ(t) = c2ux(1, t) + νutx(1, t), (6.9)
u(1, t) 0, σ (t)−γTβ1+α(t)u(1, t), (6.10)
u(1, t)
(
σ(t) + γTβ1+α(t)u(1, t)
)= 0, (6.11)
u(0, t) = φ(t), (6.12)
u(x,0) = u0(x), ut(x,0) = v0(x), β(0) = β0. (6.13)
We proceed to the variational inequality formulation of the problem. Let
Ku =
{
w ∈ V : w(1) 0}
be the convex set where we seek the displacements. We denote by χ = χ(r) the indicator function of R− , i.e., χ(r) = 0 if
r  0 and χ(r) = ∞ if 0< r. Then, the subdifferential of χ is the set-valued function given by
∂χ(r) =
{
0 if r < 0,
[0,∞) if r = 0,
∅ otherwise.
We use it to write conditions (6.10) and (6.11) as
σ(t) + γTβ1+α(t)u(1, t) ∈ −∂χ
(
u(1, t)
)
.
The abstract formulation of the problem is as follows.
Problem P S . Find a triple (u, σ ,β), where u : (0, T ) → Ku , v = u′ , σ : [0, T ] →R− , and β ∈ K , such that, for a.a. t ∈ (0, T ),
v ′(t) + c2Au(t) + νAv(t) + M(β(t),u(t))= f B(t) in V ′, (6.14)
σ(t) = c2ux(1, t) + νutx(1, t), in H−1/2(0, T ), (6.15)
σ(t) + γTβ1+α(t)u(1, t) ∈ −∂χ
(
u(1, t)
)
, (6.16)
u(0) = u0, v(0) = v0, (6.17)
β ′(t) = −γRβα(t)
((
u(1, t)−
)2 − a)+, t ∈ (0, T ], (6.18)
β(0) = β0. (6.19)
Any solution of Problem P S is called a weak solution of problem (6.7)–(6.13).
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Since the estimates above do not allow to pass to the limit γ → ∞ due to lack of an estimate on v ′ , the existence of
solutions to Problem P S remains an unresolved question, yet. We refer to [17] for regularity results for contact problems
with normal compliance, and the lack of regularity of the velocity v since upon impact with a rigid obstacle it may become
discontinuous and then v ′ is only a distribution.
7. A numerical simulation
In this short section, for the sake of completeness, we present a preliminary result of a numerical simulation, one of
those we plan to report in a detailed study [7]. It shows clearly a case where the model predicts complete failure in ﬁnite
time.
The setting is that of problem (2.1)–(2.5) without viscosity, and without applied forces ( f B = 0). The system parameters
are chosen as:
α = 0.5, ν = 0, γC = 10, γT = 0.1, γR = 5000, a = 7 · 10−8.
The motion of the left end is given by φ(t) = 0.02sin16πt , and the initial conditions are u0 = 0, v0 = 0, and β0 = 1.
The simulation results are depicted in Fig. 2, where the oscillations of φ (Phi(t)—red) are those between the top and
bottom, with the scale on the left. The oscillations of the right end of the rod, u(1, t) (green), are given by the curve that
crosses 0 and shows interpenetration of 0.002 into the obstacle. This interpenetration into the obstacle decreases as γC
increases. Finally, the deterioration of the adhesive can be seen in the staircase-like curve (B(t)—blue), where the scale is
on the right. The periods when debonding is not active (horizontal segments) are those where ((u(1, t)−)2 − a)+ = 0. We
note that the process is irreversible, and complete debonding takes place near t = 4.
The numerical algorithm and further information will be presented in [7].
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